Why do positive integers factor uniquely into primes? We learn this fact in elementary school, but is it really that trivial? 

For convenience we work with integers, rather than just positive integers. The integers [image: \mathbb{Z}]form a ring R, that is, addition and multiplication are defined so they are commutative, associative, and distributive; 0 is an additive identity and 1 is a multiplicative identity; additive inverses exist. An integral domain is a ring where no two nonzero elements multiply to 0. 

1: [image: \mathbb{Z}]is an integral domain. 

A unit of R has a multiplicative inverse in R. The units in [image: \mathbb{Z}]are 1 and -1. 
Say an element of R is irreducible if it is not a unit and it has no proper divisor. 
Say an element p is prime if p is not a unit, and [image: p|ab]implies [image: p|a]or [image: p|b]. 
It is not true in general that an irreducible element in a ring R is always a prime! Note that the definition of prime many people learn in elementary school is actually the definition for irreducible. In [image: \mathbb{Z}]these concepts are the same but we need to prove it. 
In [image: \mathbb{Z}]we can divide as follows: Given [image: a,b]with [image: b\neq 0], we can write [image: a = qb + r]where 
[image: 0\leq r < |b|.]
The last inequality is key: There exists a norm on [image: \mathbb{Z}]such that the remainder is "smaller" than the divisor; this norm is just the absolute value function. Thus we say that 

2: [image: \mathbb{Z}]is an Euclidean domain. 

An ideal I of a ring R is a subset such that if [image: a,b\in I], then [image: ra,a + b\in I]for any [image: r\in R]. We can easily see that any set of the form [image: b\mathbb{Z} = \{bz|z\in \mathbb{Z}\}](the set of multiples of an integer [image: b]) is an ideal, but are these the only ones? We call these ideals principal ideals: they are generated by one element (here, [image: b]). A principal ideal domain (PID) is a ring where all ideals are principal. 
In [image: \mathbb{Z}], suppose [image: I]is a nonzero ideal. Let [image: b]be the nonzero element of smallest absolute value. 
We can assume that [image: b]is positive since if [image: b\in I]then [image: - b\in I]. Suppose [image: a\in I]. Then we can write [image: a = qb + r]as above. 
We have [image: 0\leq r < |b|], but since [image: b]has minimal nonzero absolute value, [image: r = 0]and [image: b|a]. Thus [image: I]is principal. This idea can be abstracted to give: 

3: An Euclidean domain is a principal ideal domain. 

We say an integral domain is a Unique Factorization Domain (UFD) if every element (besides 0 and units) has a unique factorization into irreducible factors (up to units- in [image: \mathbb{Z}]this means up to a sign). 
Since every ideal in [image: \mathbb{Z}]is principal, for every [image: a,b](not both 0) we have 
[image: a\mathbb{Z} + b\mathbb{Z} = d\mathbb{Z}]
for some integer [image: d](which can be assumed positive). This says there exists [image: p,q]such that 
[image: as + bt = d]
(Bezout's Theorem). From this, any divisor of [image: a,b]must divide [image: d]. 
[image: d]must divide [image: a,b]since [image: a,b\in d\mathbb{Z}]. Thus [image: d]is actually the greatest common divisor of [image: a,b]! 
Now suppose [image: p]is irreducible; we show [image: p]is prime. Suppose [image: p|ab]but [image: p]does not divide [image: a]. Then (the tricky part) using Bezout's Theorem and the fact that [image: \text{gcd}(p,a) = 1], we get [image: as + pt = 1]for some [image: s,t]. Multiply by [image: b]to get 
[image: abs + ptb = b.]
Since [image: p|ab|abs, p|ptb], we have [image: p|b]. This shows that irreducible elements are prime in [image: \mathbb{Z}]. (The reverse is also true.) Again, this argument can be abstracted to give: 

4: In a PID, irreducible elements are prime. 

Now in a PID, if an element factors into irreducible elements in two ways as 
[image: a_1\cdots a_m=b_1\cdots b_n], we have [image: a_1]dividing one of the [image: b_i]since irreducible elements are prime. [image: b_i]is irreducible so [image: a_1]cannot be a proper divisor; [image: b_i/a_1]is a unit. We divide out [image: a_1]and repeat; all the factors on the left and right hand sides are matched, up to units (signs). 

5: A principal ideal domain is a unique factorization domain. 

6: Unique factorization holds in [image: \mathbb{Z}.]
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